We investigate experimentally and theoretically the polarization dynamics in vertical-cavity surface-emitting lasers in the vicinity of the lasing threshold. If the net gain anisotropy between the two orthogonally polarized modes is close to zero, the laser operates in a partially polarized state. This state occurs at and slightly above the lasing threshold. It is characterized by anticorrelated dynamics of the two modes which result from completely anticorrelated dynamics at low frequencies and correlated dynamics on the time scale of the relaxation oscillations. If the net anisotropy is changed by a change of the detuning between the cavity resonance and the gain maximum, one of the two linear polarization states is selected depending on the sign of the net gain. For one sign the well-known phenomenon of polarization switching is recovered at higher currents. The experimental results show very good agreement with simulations based on a model that takes into account nonlinear spin dynamics and linear temperature-dependent detuning effects.
I. INTRODUCTION
The polarization dynamics in vertical-cavity surfaceemitting lasers ͑VCSELs͒ has been subject of many experimental ͓1-7͔ and theoretical ͓8-14͔ studies over the last few years. Unlike in edge-emitting semiconductor lasers, VCSELs allow for one longitudinal mode only due to the short cavity length. A further difference, which has a strong impact on the polarization properties of this devices, is that the circular geometry of the VCSEL cavity does not fix the polarization direction of the emitted light. Nevertheless, in most cases one linearly polarized fundamental transverse mode is selected at the lasing threshold ͓1-6͔. This is due to linear polarization anisotropies, i.e., dichroism and birefringence, which are induced by unavoidable mechanical stress via the elasto-optic effect ͓1,15͔ and by the electro-optic effect ͓16͔. The birefringence leads to a removal of the frequency degeneracy of modes with different polarization and thus to a frequency splitting. Due to the dichroism these modes experience a different net gain (net gainϭunsaturated gain Ϫunsaturated losses), which leads to a selection of one polarization mode at the threshold ͓1͔. For simplicity, we use the term dichroism for the net gain anisotropy resulting from various effects such as mechanical stress ͓1,5,15͔, anisotropic losses in the Bragg mirrors of the VCSELs ͓17͔, and gain differences for the polarization modes ͓1͔. The latter effect is due to the birefringence splitting that results in different positions of the modes with respect to the gain curve. Thus, the two modes experience a different material gain and index of refraction.
If the injection current is increased, the mode selected at the threshold can become unstable. Different scenarios of polarization instabilities have been described: the state of polarization can switch to the orthogonal polarization ͓1,3,5,7͔, random hopping between the two modes may happen at the switching current ͓4,6͔ or dynamical states of a highly undefined polarization can occur ͓7͔.
There have been several proposals for the mechanisms inducing the polarization instabilities. One class of models is based on the change of the linear anisotropies by thermal effects that come into play via ohmic heating as the current is increased ͓1,14,17͔. One important effect of a change in ͑lat-tice͒ temperature is a change of the detuning between the gain peak and the cavity resonances ͓1,13͔. This is because the amount of redshift for increasing temperature is different for these two quantities ͑the redshift of the gain peak is stronger͒. Since the two polarization modes are frequency split due to birefringence, this shift of the modes on the gain curve results in a change of the linear net gain anisotropy. If this change is sufficiently strong, a polarization switching can occur ͓1͔. In a refined treatment one might add the effect of temperature-dependent losses ͓17͔. While these thermal models have been able to explain some of the experimentally observed switching scenarios and the polarization selection at threshold in dependence of the temperature in most of the investigated VCSEL devices, they cannot explain many experimentally observed dynamical properties, e.g., current dependent nonlinear anisotropies ͓3͔ or the dynamical states observed in Ref. ͓7͔ .
A different approach is based on the dynamics of carrier populations with opposite spin and nonlinear dispersion ͓8,9͔. Here, polarization switching has been shown to be the result of a phase instability. This model has been already successfully used to explain some of the dynamical properties observed in experiments and has been extended in Refs. ͓11,13͔ with a frequency dependent semiconductor susceptibility ͓18͔ in order to take also temperature-dependent detuning effects into account.
The past investigations have been mainly focused on polarization switching ͑PS͒ and dynamics at injection levels above the lasing threshold. Many papers state that a ''defined'' polarization state is selected at the threshold ͑e.g., Ref. ͓3͔͒. However, the dynamics at and close to the lasing threshold have been only scarcely investigated in detail. In a few experiments ͓5,19͔ the excitation of both orthogonal polarization modes at the threshold, followed by the continuous depletion of one mode for increasing current, has been observed. In Ref. ͓19͔ this scenario has been shown to disappear for an anisotropic transverse cavity geometry in which the losses for one mode are increased. Data published in Ref.
͓20͔ also show an increase of output power in both modes at the threshold. Both modes also display a similar linewidth characteristics. This behavior has been interpreted as a typical threshold behavior of the nonlasing mode and has been termed ''anomalous spontaneous emission.'' However, none of these investigations examined this scenario in deeper detail.
On the theoretical side, in Ref.
͓9͔ the existence of a stable two-frequency solution has been found in simulations for zero dichroism, but the dynamical properties have not been examined. This paper gives a detailed experimental and theoretical study of the polarization dynamics in VCSELs close to the lasing threshold for the case of stimulated emission of both of the orthogonal polarized modes. Also the differences and similarities to the dynamics in other parameter regimes, i.e., selection of one lasing mode at the threshold followed by a PS at increasing current, will be discussed. It will further be demonstrated that for a suitable set of parameters the model developed in Refs. ͓11,13͔ is capable of reproducing the complete scenario that is observed in our experiments.
In the following section we describe the experimental setup, and in Sec. III we give an experimental characterization of the scenario of lasing in both modes at the threshold by investigating the time-averaged polarization properties, the temporal dynamics, and their correlation properties. In Sec. IV we will briefly recall the model described in Ref.
͓13͔ and show the results of simulations that reproduce the experimental observations. In Sec. V we will discuss our results.
II. EXPERIMENTAL SETUP
The experiments have been performed on commercial gain-guided VCSELs ͑Emcore Corp., Model 8085-2010͒ operating in the wavelength region around 840-850 nm. We have chosen devices with an 8 m-wide aperture in order to ensure operation in the fundamental transverse mode up to twice the threshold current. The VCSELs have been mounted in a temperature controlled copper holder. The substrate temperature of the VCSELs can be changed and stabilized in a range from 6°C to 70°C. The light emitted from the VC-SEL has been collimated using an aspheric antireflection coated lens. After passing through a half-wave plate, the orthogonal polarized components of the VCSEL output are split by a Wollaston prism. For each polarization component the time-averaged output power and the temporal dynamics can be measured by a low bandwidth detector and an avalanche photodiode ͑APD͒ of 1.8 GHz bandwidth, respectively. The output of the avalanche photo diode is recorded with a digital oscilloscope with 1 GHz analog bandwidth ͑on the 5-mV/div scale͒. rf spectra are measured with a positiveintrinsic-negative diode of 10 GHz bandwidth and a power spectrum analyzer of 20 GHz bandwidth. A scanning FabryPerot interferometer with a finesse better than 150 and a free spectral range of 46 GHz allows for a measurement of optical spectra. Unintended back reflections into the laser are prevented by an optical isolator.
III. EXPERIMENTAL RESULTS
In Fig. 1 the polarization resolved output power of one of the devices under study is displayed in dependence of the injection current and the substrate temperature of the device. At about room temperature, the lasing emission at the threshold is only in the polarization direction corresponding to the mode with higher optical frequency, i.e., the lasing emission is purely linearly polarized. At increasing current, a PS to the mode with lower optical frequency is observed, as it has been often reported in literature. If the substrate temperature of the device is increased, the current value of the PS moves closer to the threshold. With increasing substrate temperature this development continues until finally the point of excitation of the mode with lower optical frequency coincides with the lasing threshold ͑about 60°C). This leads to emission of both polarizations at the threshold. At increasing current, the mode with higher optical frequency is depleted until only the mode with lower optical frequency is lasing. If the substrate temperature is increased even further, the emission at the threshold is dominated by the mode with lower optical frequency.
This trend closely follows the temperature dependence of the dichroism at the threshold. The value of the dichroism has been obtained with a method explained in Ref. ͓3,21͔, i.e., by measurements of rf spectra after projection onto circular polarized states by means of a quarter wave plate. In the regime of excitation of both polarizations at the threshold, the absolute value of the dichroism is of the order of 0.1 GHz or smaller. We want to stress on the fact that the emission of both polarization components is observed already for sufficiently small but finite dichroism, i.e., for a finite range of substrate temperatures. In subsequent realizations of the experiment the center of the region with two-frequency emission was found to fluctuate by a few degrees. Some fluctuations in polarization behavior of VCSEL devices were reported before ͓3,22͔. The origin of these fluctuations is not completely clear but is probably related to minute changes of the stress and strain characteristic exercised by the mounting on the VCSEL ͓5,15,23͔. Figure 2 shows the polarization resolved power as a function of the injection current (LI curve͒ with the substrate temperature set to the regime in which the laser emits in both modes with equal power at threshold (61°C) in greater detail. At threshold, both of the orthogonal polarization modes start to lase with equal time-averaged power. Up to Ϸ4% above the threshold the power increases equally for both modes. Then a preference of the mode with lower optical frequency is observed. The power in the mode with higher optical frequency still increases, until it reaches a maximum at slightly higher current, values. For further increasing current the power in this mode continuously decreases until it reaches the spontaneous emission level. The optical spectrum at the threshold shows two peaks of equal magnitude with orthogonal linear polarizations corresponding to the two modes, i.e., the presence of power in both polarization directions cannot be attributed to a single elliptically polarized lasing mode. In the following, we will call the current interval in which both modes are lasing two-frequency emission ͑TFE͒ regime.
Further, the rf spectra after projection on the polarization directions of the two modes have been examined. For both modes, relaxation oscillation ͑RO͒ peaks are observed in the vicinity of the lasing threshold. This is a confirmation that both modes are lasing. After depletion of the mode with higher optical frequency to the spontaneous emission level, a RO peak is not observed anymore in the rf spectra of this mode. Figure 3 displays the temporal dynamics at constant current in the region of TFE. Part ͑a͒ shows the dynamics at the lasing threshold. In both polarization directions bursts starting from the spontaneous emission level are observed. The bursts have amplitudes of an equal order of magnitude for both polarization components and appear with the same probability in a fixed time interval. This corresponds to the fact that the time-averaged power was observed to be equal for both polarization modes. Up to 4% above the threshold, the dynamics do not change qualitatively ͓Fig. 3͑b͔͒. The amplitude of the fluctuations in both components is of the same order of magnitude as the average power. If the current is increased beyond 4% above the threshold value, the bursts in the polarization mode with higher optical frequency appear less frequently than the ones in the other mode and their amplitude decreases ͓Fig. 3͑c͔͒. In the whole regime of emission of both polarization modes in the vicinity of the lasing threshold, mode hopping ͑i.e., square-wave-like signals due to the abrupt alternation between the two polarizations states͒ as reported in literature for PS higher above the threshold ͑e.g., Ref. ͓4͔͒ is not observed.
In Fig. 4 the correlation properties of the time series displayed in Fig. 3͑b͒ are shown. The correlation functions have been calculated from the time traces by use of the WienerKhintchine theorem. The autocorrelation functions of both modes exhibit a distinct modulation with the frequency of the modulation being the same for both modes. This modulation is also present in the cross correlation function of the dynamics. Further, the cross correlation function reveals a clear anticorrelation of the dynamics in the two polarization directions and is slightly asymmetric with respect to zero time lag. The ͑anti͒correlation decays to zero within a few nanoseconds.
The minimum of the cross correlation functions in dependence on the injection current is displayed in Fig. 5 . The modulus of the anticorrelation is continuously increasing in the current interval where both modes lase with equal power ͑see Fig. 2͒ . When the power of the mode with lower optical frequency surpasses the power in the orthogonally polarized mode, the modulus of the anticorrelation reaches a maximum and decreases afterwards.
To identify the origin of the modulation in the cross correlation functions ͑see Fig. 4͒ , we have plotted in Fig. 6 the square of the frequency of this modulation as a function of current. It has an approximate linear dependence on current which is characteristic for relaxation oscillations ͑e.g., Ref.
͓24͔͒. For comparison, the square of the RO frequencies measured in the spectral domain is also plotted in Fig. 6 . Within some fluctuations, the modulations of the cross correlation functions agree with the RO frequencies and show the same characteristic dependence on current. Hence, it can be concluded that the modulation appearing in the correlation functions in Fig. 4 is due to the ROs.
To clarify the influence of the different frequency components on the dynamics, we have computed the normalized cross spectral density ͑NCSD͒ of the two time traces of Fig.  3͑b͒ . The NCSD is obtained from the two time traces I x,y (t) by Fourier transformation ͑denoted in the formula below by a tilde͒ and use of the relationship
where for each frequency of modulus f the contributions from frequencies f and Ϫ f have been added. This results in a real number for C( f ). The NCSD contains information about the amount of ͑anti͒correlation at a certain frequency. The results are given in Fig. 7 . At low frequencies, the dynamics are almost perfectly anticorrelated ͑the features observed for frequencies less than 150 MHz are due to broadcast radio signals captured by the APDs and they appear even when the output of the VCSEL is blocked͒. This corresponds to the overall anticorrelation at zero time lag in the cross correlation function in the time domain ͑see Fig. 4͒ and the rather slow decay of the anticorrelation for larger time lags. Anticorrelation at low frequencies has been shown to be a robust feature of the polarization dynamics of VCSELs in past investigations ͓25,26͔. For increasing frequencies, the correlation increases ͑i.e., the modulus of the anticorrelation decreases͒ until the NCSD reaches a maximum at 0.6 GHz with a normalized correlation value of about 0.3. At further increasing frequency, the NCSD decays towards zero. The frequency of the maximum corresponds to the RO frequency of the total power. Since the RO is a process that acts on the total inversion and both polarization modes are lasing in the regime under study, they have to be influenced simultaneously.
This explains why the anticorrelation shown in Fig. 5 is not complete ͑i.e., Ϫ1) although the NCSD at low frequencies is perfect: at zero time lag we have a contribution from all the frequency components of the NCSD, the highfrequency components reducing the anticorrelation due to the low-frequency ones.
For comparison, we finally analyze the correlation properties of the dynamics of the polarization modes in the regime where only one linearly polarized mode is selected at the threshold and PS occurs, if the current is increased. The correlation properties of this regime are displayed in Fig. 8 for a substrate temperature of 21°C ͑see leftmost LI curve in Fig. 1͒ , and for a better comparison with the dynamics in the two-frequency emission regime a current level of 4% above the threshold has been chosen. As expected, in the autocorrelation function of the lasing mode, which is now the mode with higher optical frequency, a modulation at the RO frequency is observed. In the autocorrelation function of the nonlasing mode, this modulation is almost not detectable. Correspondingly, only the power spectrum of the lasing mode exhibits a measurable RO peak ͑not shown͒. In the time domain, only few bursts that originate from the noise level are observed for the nonlasing mode. The dynamics in this regime is comparable to the dynamics in the regime of TFE far above the threshold, i.e., where the major fraction of the total power is emitted in one mode. Nevertheless, a modulation at the RO frequency is also observed in the cross correlation function. Correspondingly, the NCSD shows weak correlation (р0.25) about the RO frequency of 0.8
GHz. The amount of anticorrelation is decreased with respect to the TFE regime. In the time domain, the minimum of the cross correlation function is about Ϫ0.17. In accordance with this lower value, the anticorrelation at low frequencies in the NCSD is about Ϫ0.5, i.e., the modulus of the anticorrelation at low frequencies has drastically decreased with respect to the TFE regime. To summarize the above findings, also in the regime of selection of only one lasing mode at the threshold the dynamics close to the threshold are characterized by correlated fluctuations at the RO frequency. The magnitude of the correlation at this frequency is approximately the same as in the TFE regime, whereas the amount of anticorrelation at low frequencies is significantly decreased.
If the current is now increased to the point of PS, the dynamics at low frequencies again become almost completely anticorrelated. The NCSD at low frequencies is only slightly larger than Ϫ1, as it has been reported for PS also in Ref.
͓25͔. In the time domain, mode hopping of the two polarization modes at the PS is observed, as it has also been reported in the literature before ͓4,6,27͔. Whether a correlation at the RO frequency can still be found is unclear from an experimental point of view, since the RO frequency has left the bandwidth of the oscilloscope at the current of the PS.
IV. THEORY
In this section we theoretically investigate the polarization dynamics occurring within the TFE regime. In the model discussed in this section, polarization mode selection occurs through a combination of several mechanisms, namely, spinflip processes, saturable dispersion, and thermal shift ͓11,13͔. The latter is essential since we need to describe the dynamics in a finite range of detunings in order to reproduce the results discussed in the experimental section ͑Fig. 1͒.
Under fundamental transverse mode operation, the evolution of the circularly polarized components of the electric field E Ϯ ͑slowly varying envelopes͒ and the electronic densities D Ϯ with opposite spin ͑normalized to the transparency density͒ are governed by ͓11,13,28,29͔
The electronic densities with opposite spin interact with circularly polarized light with different helicity through the frequency dependent susceptibility Ϯ ͓11,30͔. We use analytical expressions for Ϯ obtained in Ref.
͓18͔ that correctly describe the gain and refractive index spectra. Spin-flip processes, that reverse the electron spin, directly couple the two carrier reservoirs. This effect is phenomenologically ac- counted for by means of the spin-flip rate ␥ j . The thermal shift is incorporated through the temperature dependence of the detuning ⌬ between the cavity resonance and the nominal transition frequency. is the total injected current density scaled to the transparency carrier density.
The parameters of the above equations are taken from the experimental conditions: the linear contribution to the birefringence and dichroism ␥ p ϭ18 ns Ϫ1 and ␥ a Ϸ0. To obtain the frequency splitting one has to divide ␥ p by . In the framework of this model ␥ a is a pure loss anisotropy. Material gain differences are incorporated by the optical susceptibility Ϯ . The meaning and values of the rest of parameters are the cavity losses ϭ300 ns Ϫ1 , the effective gain constant aϭ2.3ϫ10 4 ns Ϫ1 , the confinement factor ⌫ ϭ0.045, the nonradiative and bimolecular recombination rates of the carriers Aϭ0.5 ns Ϫ1 and Bϭ1.0 ns Ϫ1 , and the spontaneous emission rate ␤ sp ϭ10 Ϫ6 ns Ϫ1 . The values assumed for the parameters ,A,B are considered as typical values for VCSEL devices. One could use them in order to fine tune the absolute magnitude of the RO. We did not try that since we are only interested in the robust features of the polarization dynamics.
In most of the simulations a value of ␥ j ϭ20 ns Ϫ1 was chosen. A discussion of the influence of the magnitude of the spin-flip rate will be given at the end of this section. Finally, Ϯ (t) are white Gaussian random numbers with zero mean and ␦ correlated in time that model spontaneous emission processes.
The simulations have been performed in the circular polarized basis. To obtain expressions for linear polarized fields one has to use the relations E x ϭ(E ϩ ϩE Ϫ )/ͱ2, E y ϭ(E ϩ ϪE Ϫ )/(iͱ2).
As a first step, LI curves for various detunings have been simulated ͑see Fig. 9͒ . By a change of the detuning a variation of substrate temperature as performed in the experiments can be simulated. The current has been increased in 50 steps from 5% below to 20% above the threshold within 5 s. As it is obvious from Fig. 9 , the simulations reproduce the experimentally measured polarization properties qualitatively for variation of both the detuning and the current.
A regime of TFE is found in the simulations in the vicinity of the threshold minimum, which occurs at a detuning of ⌬ϭ0.65. At this detuning value, a linear stability analysis ͑LSA͒ of the two orthogonally linear polarized modes ͑see Ref.
͓11͔͒ yields bistability at the threshold between the two modes, both of which remain stable upon increasing the current up to twice the threshold current. Within a finite interval of detuning ͑about 0.6р⌬р0.8), both polarizations are excited at the threshold in the simulations including noise, although only one mode is linearly stable directly at the threshold for ⌬ 0.65. ͑However, within the interval mentioned above the other mode reaches stability if the current is slightly increased.͒ Therefore, as in the experiment, the TFE regime extends over a finite interval of detuning. Outside this FIG. 9 . Polarization resolved output power in dependence of the detuning ⌬ and injection current J normalized to its transparency value. The lines denote the same properties as in Fig. 1 interval, the low-frequency mode is dominant at the threshold for higher detuning values, the high-frequency mode otherwise. For ⌬ϭ0.65 the LI curve is displayed in greater detail in Fig. 10 . The qualitative features are the same as in the experiment: Both modes emit with equally increasing power close to the threshold. At a current level of 4% the mode with higher optical frequency reaches its maximum value and decays continuously afterwards.
Examples of the temporal dynamics in the TFE regime are shown in Fig. 11 . The dynamics resemble the experimentally obtained results, i.e., they are dominated by burstlike fluctuations. For increasing current, the probability and amplitude of a burst in the mode with higher optical frequency decreases continuously.
The correlation properties of the dynamics in the TFE in the simulations ͑Fig. 12͒ agree with the experimentally obtained ones: The dynamics are anticorrelated at low frequencies and correlated at the RO frequency ͑about 1.4 GHz for the parameters in Fig. 12͒ . The minimum value of the cross correlation function ͓Ϫ0.7, see Fig. 12͑a͔͒ is rather close to the experimentally obtained one (Ϫ0.64).
Also the current dependence of the minimum of the cross correlation function shows the same characteristics observed in the experiments ͑see Fig. 13͒, i. e., the anticorrelation is strongest when the power in the mode with higher optical frequency is at its maximum value. However, the minimum is somehow broader ͑plateaulike͒ in the simulations.
If the detuning ⌬ is decreased, a continuous transition from TFE to the selection of the mode with higher frequency at the threshold and PS at increasing current is observed ͑see Fig. 9͒, i. e., the current value of maximum polarization mode competition moves to higher currents at decreasing detuning. The dynamics and the corresponding correlation properties at low detuning values qualitatively reproduce the experimental ones obtained for low substrate temperatures, i.e., also close above the threshold the cross correlation function in the time domain yields anticorrelation and is modulated at the RO frequency although only one mode is lasing.
If the current is increased to the point of PS, mode hopping is observed. As in earlier publications ͑e.g., Ref. ͓25͔͒, the cross correlation at low frequencies is close to Ϫ1 ͓see Fig. 14͑b͔͒ . However, the minimum correlation found in the temporal cross correlation function ͓Fig. 14͑a͔͒ is ϳϪ0.9. This is due to the fact that slightly correlated dynamics occur around the RO frequency ͑2.3 GHz in this case͒. Consequently, also in this case a modulation at the RO frequency is observed in the cross correlation function ͓see inset in Fig.  14͑a͔͒ .
With the set of parameters used, we obtain a good quantitative agreement with the experimental observations. If ␥ a is not zero but still small, the point at which the two polarization modes exchange stability at the threshold shifts away from the threshold minimum ͑see also Refs. ͓11,13͔͒. The direction of the shift depends on the sign of ␥ a . In the vicinity of this point there is still a two-frequency emission regime with the characteristic dynamics reported above. As reported in the preceding section, equivalent scenarios have been observed in the experiments. FIG. 14. Correlation properties of the dynamics at a PS occurring at ⌬ϭ0 and 17% above threshold: cross correlation function in the time domain ͑a͒ and normalized cross spectral density ͑b͒. The length of the analyzed time traces is 50 s.
A variation of the noise strength does not change the dynamics in the TFE regime qualitatively. If ␤ sp is decreased ͑increased͒, the current value of maximum output power and the maximum power itself of the mode with higherfrequency decrease ͑increase͒. The fact that the mode with higher optical frequency is depleted in a continuous way for increasing current is unchanged.
An interesting question regarding the TFE is why one mode is depleted at increasing current. Indeed, the LSA of the pure linearly polarized modes predicts that in this current range both modes are still bistable, and they remain so up to much higher current values. Hence one would expect to observe them all over the range of bistability due to noise. However, the stability of each of these pure linearly polarized modes is given by the eigenvalue with the smallest real part in the LSA. For each pure linearly polarized state, the LSA yields three eigenvalues, of which one is real and the others form a complex conjugate pair ͑having the same real part, of course͒. The real parts of these eigenvalues describe the exponential decay or growth of a perturbation in time, depending on the sign of the real part. In the parameter region considered here, the real eigenvalue is negative and of larger modulus than the real part of the complex eigenvalues. Therefore it can be neglected in the following discussion. Figure 15͑a͒ displays the results of the LSA of the lasing solutions against perturbations with orthogonal polarization represented by the complex eigenvalues. As it is apparent from Fig. 15͑a͒ , both modes are stable up to 200% above the threshold, i.e., the real parts of the eigenvalues of both modes are negative. However, the modulus of the eigenvalue describing the stability of the mode with lower frequency increases stronger with current and is about an order of magnitude larger, already close above the threshold. This implies that perturbations to the mode with lower frequency are damped an order of magnitude faster. Thus, one can call this mode ''more stable.'' As observed in the simulations, the system ''chooses'' this mode and the other mode is depleted with increasing current or increasing difference in stability, respectively, although the linear ͑unsaturated͒ net gain anisotropy does not change with current.
To study the influence of the spin dynamics, we have repeated the LSA for a large value of the spin-flip rate (␥ j ϭ5000 ns Ϫ1 ). This is practically equivalent to a neglect of spin dynamics in the model discussed here ͑assuming D ϩ ϭD Ϫ , i.e., ␥ j →ϱ as in Refs. ͓31,32͔͒. The corresponding results are given in Fig. 15͑b͒ . The bistability of the two polarization modes is maintained. However, the modulus of the real parts of the eigenvalues is now decreased by two orders of magnitude, i.e., perturbations are generally less damped. Furthermore, the real parts and thus the damping of a perturbation are approximately the same for both polarization modes. In a spin eliminated version of the original spinflip model ͑e.g., Ref. ͓10͔͒ exact equality for both damping values is analytically predicted. Consequently, the two modes should be equivalent and none of them should be depleted at increasing current in the long-time limit.
The latter assumption has been tested for a current level of 10% above the threshold ͑Fig. 16͒. For a small spin relaxation rate, the mode with higher optical frequency is almost completely depleted ͓see Fig. 16͑a͒ and also the LI curve in Fig. 10͔ . The cross correlation function exhibits a rather small amount of anticorrelation (ϳϪ0.3) at zero time delay and a pronounced modulation at the RO frequency ͓Fig 16͑c͔͒. For ␥ j ϭ5000 ns Ϫ1 the dynamics change dramatically and strong mode competition between the two polarization modes is observed ͓Fig. 16͑b͔͒. The mode with higher frequency is not depleted anymore within the investigated current range, which goes up to three times the threshold current. The corresponding cross correlation function now exhibits a strong anticorrelation (Ϫ0.85), which is due to the completely anticorrelated dynamics at low frequencies. Furthermore, the asymmetry of the cross correlation function that is observed for the lower spin-flip rate is lost because FIG. 15 . Real part of the complex conjugate eigenvalues obtained from an analysis of the linear stability of the lasing solutions against orthogonally polarized perturbations for parameters as in Fig. 10 and ␥ j ϭ20 ns Ϫ1 ͑a͒, ␥ j ϭ5000 ns Ϫ1 ͑b͒. Solid ͑dashed͒ lines denote the eigenvalue describing the stability of the mode with lower ͑higher͒ optical frequency. FIG. 16 . Polarization dynamics at ⌬ϭ0.65 and 10% above the threshold for ␥ j ϭ20 ns Ϫ1 ͑a͒, and ␥ j ϭ5000 ns Ϫ1 ͑b͒. Solid ͑dashed͒ lines denote the power of the mode with lower ͑higher͒ optical frequency. The corresponding cross correlation functions are displayed in ͑c͒, where a solid and dashed line represent the correlation function of the dynamics in ͑a͒ and ͑b͒, respectively.
both modes now participate equally in the dynamics. The correlation properties obtained here are similar to the ones observed at the PS at low detuning and for small spin-flip rates ͑see Fig. 14͒ . This is due to the fact that also in the latter case the real parts of the eigenvalues of the two modes differ only slightly ͓33͔.
Furthermore, for sufficiently high ␥ j the transition to PS with decreasing detuning is not observed anymore. The mode that is selected as the lasing mode at the threshold ͑depending on ⌬) remains lasing at increasing current, whereas the other mode remains off at all investigated current values.
For values of the spin-flip rate between the two cases discussed above, the dynamics in the TFE regime change continuously. Starting with ␥ j ϭ20 ns Ϫ1 , an increase of ␥ j leads to an increase of the maximum power of the mode with higher frequency and the corresponding current value, until the scenario described above is obtained.
V. DISCUSSION
The experimental and theoretical investigations have shown that the polarization dynamics in the two-frequency emission regime at the threshold is strongly influenced by the RO, which are known to be only weakly damped close to the threshold. The dynamics was shown to be not completely anticorrelated, but rather have correlated components at the RO frequency, which induce a decrease of the degree of anticorrelation in the time domain. Since the RO is a process acting on the total power, it can be expected that the dynamics at the RO frequency are correlated. In an earlier publication ͓26͔ it was shown that the correlation at low frequencies depends on the distribution of power between the two modes, i.e., the modulus of the anticorrelation increases towards one if the power in both modes approaches equality. The latter observation agrees well with the current dependence of the anticorrelation in the TFE regime, as it was found here.
In previous investigations, the competition between bistable polarization states in the vicinity of a PS has been often found to be accompanied by completely anticorrelated stochastic hopping between the two modes yielding a sequence of square-like or rectangular-like pulses in the polarization resolved time series ͓4,6͔. This is evidently neither the case in the experimental ͑Fig. 3͒ nor in the simulated ͑Fig. 11͒ time series considered here. This might be related to the fact that in the TFE regime the fluctuations in power, namely, the ROs, are of the same magnitude as the average power. Furthermore, at the threshold the respective time scales become different from the ones considered in the situations before. Higher above the threshold, the RO period is typically less than a nanosecond and the dwell times found have not been smaller than 10 ns ͓4,6͔ ͑the lowest reported values stem from currents 20% above the threshold͒. For decreasing current, i.e., smaller distance to the threshold, the RO period increases and the dwell-time decreases. Hence, both time scales can become of similar magnitude close to the threshold. Since the dynamics are correlated at the RO frequency, the system is not likely to be found in only one of the orthogonal polarizations during one RO cycle.
The scenarios depicted in Figs. 1 and 9 suggest that twofrequency emission occurs in the vicinity of a zero crossing of the linear dichroism at the threshold in dependence of detuning or substrate temperature, respectively. Whereas in a deterministic analysis ͓11,13͔ polarization selection is perfect at the threshold in the moment in which the dichroism deviates only slightly from zero, this is not the case in the presence of spontaneous emission noise, which smears out the nonlasing to lasing transition and continuously feeds all field components. Hence, two-frequency emission is observed in a finite interval of substrate temperature ͑detuning͒ in which none of the modes is strongly favored.
For low values of the spin-flip rate, one of the polarization components, which is selected at the threshold for a sufficiently high value of the dichroism, is destabilized again at higher currents and polarization switching to the orthogonal polarization state occurs ͑Fig. 11, see also ͓11,13͔͒. The PS and the accompanying bistable region shift continuously away from the threshold, if the temperature ͑detuning parameter͒ is reduced. In this sense, two-frequency emission might be regarded as the manifestation of bistability between two polarization components at and close to the laser threshold. However, as discussed above, the polarization dynamics in this regime do not show a finite dwell time as in previous experiments, due to the proximity to the threshold for laser emission.
The experiments and the simulations show very good agreement if the spin-flip rate is assumed to be low. Pumpprobe experiments on passive quantum film structures yielded even lower values of ␥ j Ϸ7 -9ϫ10 9 s Ϫ1 at room temperature ͓34,35͔. However, it is doubtful whether these values provide a good estimation for the situation of a high carrier density typical for laser operating conditions. Previous estimations of the spin-flip rate under lasing conditions were inferred indirectly from experiments assuming the validity of the spin-flip model ͑SFM͒ and yielded ␥ j Ϸ30-75 ϫ10 9 s Ϫ1 ͓36͔, ␥ j Ͼ100ϫ10 9 s Ϫ1 ͓3͔, ␥ j Ϸ10 12 s Ϫ1 ͓37͔, and ''infinity'' ͓31͔, i.e., the values reported in the literature span over a rather wide range but are significantly higher, in tendency, than the values considered here. However, the low rate used here is of the same order as needed to explain the self-pulsing ͓38͔ experimentally observed in some VCSEL devices of the same type ͓7͔ as well as the dependence of the effective birefringence on current measured in Refs. ͓7,39͔. Thus several-though indirect-observations suggest that the spin-flip rate may be low in the devices under study.
It cannot be excluded that also other models, e.g., the one used in Ref. ͓31͔ ͑i.e., the model of Ref. ͓2͔ with the spin-flip rate set to infinity͒ can predict an excitation of both polarization modes with anticorrelated dynamics if the net gain anisotropy is small enough at the threshold. Indeed, excitation of both modes has also been found in the model used here for large spin-flip rates. Even the depletion of the mode with higher frequency at increasing current and/or the asymmetric cross correlation function can presumingly be modeled in phenomenological rate equations ͑e.g., Ref. ͓14͔͒, if a suitable current dependence of the linear anisotropies and suitable cross-and self-saturation coefficients are introduced.
There is no contradiction to the fact that the dynamics is also described by the SFM. Indeed, it was recently shown that for the type-I polarization switching discussed here the SFM can be reduced to rate equations with asymmetric cross coupling coefficients in some limit ͓40͔. However, in our opinion it is the merit of the SFM that it provides a physical basis for these coefficients and for their parameter dependencies. Furthermore, it is the strength of the model used for comparison in this paper that it is able to reproduce the steady-state characteristics, the dynamics, and the correlation properties simultaneously that have been found in an experiment for changing current and temperature/detuning, where for the modeling only one fixed set of parameters has been used.
VI. CONCLUSIONS
To conclude, we have given in this paper a detailed experimental and theoretical investigation of the polarization dynamics in the vicinity of the lasing threshold in a VCSEL. Both of the orthogonal polarization modes are found to be lasing at the threshold for a small net gain anisotropy. If the net gain anisotropy is changed by changing the detuning or the substrate temperature, respectively, the two-frequency emission state continuously transforms into a state with defined polarization at the threshold, followed by a polarization switching at higher currents. The dominating time scale of the polarization dynamics at the threshold is given by the relaxation oscillations. The magnitude of correlation between the two modes has been shown to depend significantly on the injection current. We have found a very good agreement between the experiments and the simulations obtained for low spin-flip rates within a model that combines nonlinear spin dynamics and linear thermal effects.
